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I. Derivation of the analytical method for solving a single first-order linear ODE

In its most general form, a single first-order linear ODE can be written as:

d—y+a(x)y = b(x) (I.1)
dx

and we have an initial condition of the form:

Y(X=X,)=Y, (1.2)

A. Method of the integrating factor
We solve this problem by using an integrating factor, namely:

IF. = e[a0)d (13)

Multiply both side of equation (I.1) by our integrating factor yields:
d
LTy + a(x)y}eI 2099 p(x)el 20 (14)
X

We must recognize that the L.H.S. of the equation can be rearranged as

{:_i N a(x)y}eja(x)dx _ d(yej::)dx) (L5)
so that equation (I.3) becomes:
d(yej a(x)dx) [a(x)dx
I =b(x)e (1.6)
Then, we separate variables:
d(yeI a(x)dx): b(x)e/ 2% x (L7)

and integrate
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}{d(yeja(x)dx): Tb(x)efa(x)dxdx (L.8)
y=Yo *=Xo
X
X=Xo

We can rearrange this as:
d f d d
y(x) = [yeja(x) X]x:xo 4 Jb(x)eja(x) X dx e—ja(x) X (1.10)
X=XO

This is the general solution to a single first-order linear ODE.
Example. Integrating Factor

As an example, consider the case where a = 2 and b(x) = 3x with the initial condition
y(X =4)=15. We have an integrating factor:

IF. = g2 _ g2x (L11)

The integral on the R.H.S. of equation (I.10) is

X X 2X X

| b(x)e! 2%y = [ 3xe®*dx = 3{6— (x —1ﬂ (L12)
X=Xg x=4 2 2 x=4

X 2x 8

Ib(x)efa(x)dxdx _ 3{6_()(_1}_6_(1)} (1.13)
o 2 " 2) 212
[yej abx)ox ]X=Xo = y,e”* =5e® (L14)

so that our solution (equation (I.10)) becomes:

y(x) = {5e8 + % [ezx(Zx —1)-7¢e® ]}e‘zx (1.15)

B. Homogeneous and Particular solutions
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The ODE

d—y+a(x)y = b(x) (I.1)
dx

is called homogeneous when b(X) = 0. Otherwise it is non-homogeneous. We can solve this

problem in a way that is algorithmically different than the integrating factor. It is useful to do so
because it is this second method that we will eventually extend to solve systems of linear ODEs.

The general solution of this nonhomogeneous equation, Y, (X) , 1s the sum of the solution to the

homogeneous equation, Y, (X), and a particular solution, yp(x).

ynh(X) = yh(X)+ Yp(X) (L.16)

We obtain the homogeneous solution by solving:
d
—y+a(x)y =0 (1.17)
dx

This is easily shown, (using separation of variables) to yield a solution

—[a(x)dx

Yh(X) =ce = CYiq(X) (L.18)

where C is a constant that satisfies the non-homogeneous problem and the initial conditions and
Yiq(X) is the indefinite homogeneous solution, which does not take into account the initial

conditions. Note that you cannot solve for C until you have both Yy}, (X) and Yy, (X)

The theory of ODEs tells us that we ought to search for a solution to the particular
equation with the form:

Yp(X) = u(x)yig(x) (1.19)
Another way to look at the non-homogeneous solution is then
Yon(X) = [ +u(x)lyia(x) (1.20)

To derive the functional form of U(X) , we simply plug our solution Y, (X) into our ODE, as

given in equation (I.1).



du dy;
a et [c+ U]% +a(x)[c+ulyy =b(x)

dv. dy; du
o s atiy |+ B+ atiy |+ Sy =500

0(0)+ u(0) + - yig = b(x)

u= jde
Yid

Once we have U(X), we can obtain C

Ynh(x = Xo): Yo = [C +U(X = Xo)]yid(x = Xo)

Yo

c=—"79
yid(X:Xo)

—u(x = Xo)

so that our final solution becomes

Yo _D b‘%}

Yid (X = Xo) Yid

ynh(X) =

Yo b(x)
Yon(X) = {W} . {IW‘”‘

+ IMdX]yid (x)
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(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)
Yid

N J- b(x) Ix e—ja(x)dx
—[a(x)dx
X:XO e

(1.28a)

It is worthwhile pointing out here that we could write this solution as:

Yon(X) = [y{ﬁ} —u(x, )+ u(x)]ef a(x)dx
e X=Xg

Example. Homogeneous and particular solutions

(1.28b)

As an example, consider the case where a = 2 and b(x) = 3x with the initial condition

y(x=4)=5.
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Yn(X) = ce /AN _ gg2x (1.29)
Yia(x) = &> (130)
u:jwdx=j?i—)2(xdx:§ezx(x—lj (L31)
Yid e 2 2
C= yoezxo _% 2X0 (XO _%j (132)
I 3 1) 3 N -
ynh(X) = _YOeZXO 9 2o (Xo - Ej + 5 ezx(x - Ej:|e 2x (1.33)
Yon(X) = _598 - % e’ gj + g ezx(x - %ﬂe_zx (1.34)

which is the same result we obtained from using the integrating factor method.

This has shown us how we can solve any single first-order linear ODE. What if we have
a single higher-order linear ODE. We can reduce a single nth-order linear ODE to a system of n
first-order linear ODEs. (Refer to ChE 301 notes for a refresher on this process.) Therefore, if
we know how to solve a system of n first-order linear ODEs, we know how to solve any single
linear ODE of arbitrary order.
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I1. Extension of the analytical method to systems of first-order linear ODEs

In its most general form, a system of n first-order linear ODEs can be written as:

dv. n
Yy (x)y; = bi(x) .
X j=1

where we have n of these equations and we have n initial conditions of the form:
Yi(X = Xo) = Yo, (11.2)

We can write this system in matrix notation as:
d
L +AG)Y =b(x) w3)
x =2

y(X=X,)= Y, (I1.4)

Things get ugly pretty fast in this case. We will limit ourselves to the case where é is a matrix

of constants and not a function of x. (If we want to solve the case where é is a function of x,

then we had better turn to a numerical solution.)

Example 1. Homogeneous Case b(X) =0

When b(X) = 0, mathematicians refer to the problem as homogeneous. The terminology isn't
important, only that we can obtain the solutoin.

Our system has the form:

d

9@y _ A(X)y (1.1)
X

Y(X=X)=Y, (1.2)

In order to obtain the general analytical solution, we need to recall a good amount of linear
algebra theory.

The adjoint (complex conjugate of the transpose) of the matrix é , 1s designated é* . For areal

matrix, the adjoint of é is the transpose so
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>
Il

>
.—|

(1.3)

The matrix A has eigenvalues, Aq,Ap,A3...A_1, A, and eigenvectors,
Wcm wc,Z’wc,B cee wc,n—‘l ) wc,n .

The eigenvalues of its adjoint A™ are identical to the eigenvalues of A: Aq,Ap,A3. The

eigenvectors of é* are known as the eigenrows of é P W, Weo, W3,

The most general solution to

d
=Y A(x)y (1.4)
X

Y(X=X,) =Y, (1.5)

is going to be of a form

y, () =3 fowe; expl(x— xo )] (16)

i=1

which can be written in matrix notation as
Yh (x)= W, exp[A(x—x, )c (1.6)

where W is the matrix of eigenvectors

W_= [ﬂc,h"%ﬂc,n] (1.7)

=—C

and A is the diagonal matrix of eigenvalues

A 00
é: 0o - 0 (1.8)
0 0 &,
such that
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_exp[M(x —X,) ] 0 0
exp[é(x—xo) ] = 0 0 (1.9)
_ 0 0 exp[hn(x ~X,) ]_

In this case:

exp[M(x—xo) ] Cq
exp[é(x—xo) ] c= : (1.10)
eXp[}‘n(X_Xo) ] Ch

and
> Wey, exppi(x o) | ©
y,00= W, expla(x —x, e =| : | i
; e, €XpPi(x—x,) | ¢

So we see that the matrix formulation is equivalent to the summation formulation.
The constant C can then be determined from the initial condition.

Yy (%)= W, exp[A(x, — X, )]c = A (1.12)

c=W, "y, (1.13)
so that the homogeneous solution becomes

¥, (%)= W expl[A(x - x,)] ﬂ0_1xo (1.14)

Now, this form of the solution is perfectly legitimate. However, there is another form that is
often presented as the solution and we will derive that too. Consider that
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v, ", ) w, T w 1.1
then
w, = w, T, Tw ) 116
We need to recognize that
1 0 0
(wrﬂ 'wcj)
ww, )= o 0 (117)
0 0
i (wr,n "Wen )_
This allows us to write the solution as
v, (x) = W, exp[A(x—x, ]W, T (W, "W, )y (1.18)
[ weaey,) |
Wr 1 :wc,‘l
¥, (%)= W exp[A(x - x,)] (w,. (1.19)
WenY,)
i WrnWen i
i (ﬂm 'yo) |
=2 exp|Aiq(x —Xx
(wrﬂ .wm) | [ 1( o)]
y, (x)=W : (1.20)

wen-y,)

m exp[kn (X=X, )]
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M (ﬂm 'Xo) . -
( ) ;Wc“ WGXP[N(X Xo)]

y, (X)= : (1.21)
S, ) )
i=1 o wr,n "Wen | ? i

y(x)=3, {((_wr_zo)) W, -explii(x =X, )]} (122)

In the case where n =1, the eigenvector and eigenrow are scalars with the value of unity and we
have only a single equation. We see that we obtain the single equation solution:

y(x) = Yo -exp[hi(x - x, )] (1.23)

PROOF: (by substitution)

= A(X)y (1.24)

m W - exp[hi(x — X, )]}

(1.25)

i{((ﬂwr:._v%z)j w8 exp[xé(tx ~%q )]} _ éé {(w”_wlm) W exp[ha(x —xq )]}

(1.26)

) gt < AE ) ol )]

(1.27)

Let the matrix of eigenvectors (an nxn matrix) be defined:

W, = [wcm ""wc,n] (1.28)

10
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and let the matrix of eigenvalues (a diagonal nxn matrix) be defined:

(1.29)

c= i{((_wriz")) -exp; (x =X, )]} (1.30)

and let

d= i{M -exp; (x - xq )]M} (1.31)

which means that
d=Ac (132)

then substituting into the ODE in equation (1.8) we have:

W.d=AW c (1.33)
-1 -1

W, W.d=W_ AW c (1.34)

w,'w, ) d=(w, "aw )¢ (1.35)

Id=Ac (1.36)

d=d (1.37)

11
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Example 2. Chemical Reaction Equilibria (b(X)=0)

One very famous example of a scientific application of a system of linear ODEs is the
analysis of chemical equilibria in a reactor, where all the reactions are reversible and first-order.
Consider that you have a three-component reactive mixture, all undergoing reversible

reactions, as pictured below:

In this picture, the A’s are concentrations of the three species and the k’s are rate constants. An
example of this system is the kinetic equilibrium between para-, meta-, and ortho-xylene.

Now suppose we want to know what the concentration is as a function of time. We can
write the mass balances for each component. There are no in and out terms (the reactor is a
batch reactor). There is only the accumulation term and the reaction terms. Also, assume each
reaction is first order in concentration.

dA

= KizA koA, ~KigAy +kaiAg

dA

d—t2 = —Ko1As +KioA =Koz Ay +KapAg (2.1)
dA

d—t3 = —k31A3 + k13A1 - k32A3 + k23A2

We can gather like terms and rearrange the right hand side:

dA
d—t1 = —(kq2 +K13)A1 +ko1Ag +K3iA5
dA
dA
d—t3 = k13A1 + k23A2 - (k31 + k32 )A3

12
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and we change this system of equations into matrix & vector form:

Ay
dt =
where
— (k12 +ky3) K21 K31
X= Kqz — (k1 +Kp3) Ksp
Kis Kos —(k3q +k3z)
A,
A = A2
Az

(2.3)

(2.4)

The matrix )=( is singular. It has a determinant of zero and a rank of 2. Therefore, it has one

zero value eigenvalue. Nevertheless, the matrix has three distinct real eigenvalues, 7»1, 7»2, X3 .

Corresponding to each of these eigenvalues is a real, distinct eigenvector, W 1, W 2, W 3. The

eigenvectors of )=(* are known as the eigenrows of X: W, 4, Wpo, W, 3.

The solution is then:

A0-3 ((ww—j))w expllt—t,)

In order to obtain numerical values for this problem, we would have to first obtain the
eigenvalues, eigenvectors, and eigenrows. This can be done numerically, using routines

(2.5)

discussed in the section on numerical methods for solving systems of linear algebraic equations.

13
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Example 3. b(x) =0

When b(X) # O, mathematicians refer to the problem as nonhomogeneous. The terminology

isn't important, only that we can obtain the solution. (Still there is no x-dependence in é )

Our system has the form:

d

2= Ay +b(x) G-
x =2

y(X=X,)= Y, (3.2)

The general solution of this nonhomogeneous equation, Yon (X) , 1s the sum of the solution to the

homogeneous equation, Y, (X), and a particular solution, yp(x).

Yo (%) =y, (x)+ Y, (x) (3.3)

In order to obtain the general analytical solution, we need to recall a good amount of linear
algebra theory and single equation ODE theory. We know that the solution to the problem where

b(x) = 0 is given by

(ﬂr,i 'Xo) W, -exp[ki(x _ Xo) ] } 3.4

We are going to rewrite this solution in a way that will make the following work easier. This
summation can be expressed in matrix form as

y, (x)=W, eXp[é(X) ] c (3.5)

where the individual elements of the vector C are given by

(Wr,i ’ Xo)

c, = mexp[xi(xo) ] (3.6)

and where

14
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_exp[M(x) ] 0 0
exp[/=\(x) ] = 0 exp[xz(x) ] 0 (3.7)
_ 0 0 exp[Kg,(x) ]_

Perform the matrix multiplication and dot product as indicated in equation (3.5) to see that
equation (3.5) is equivalent to equation (3.4). We need to remember that the value of ¢ as given
by (3.7) is only the value of ¢ for the homogeneous case. It will be different for the

nonhomogeneous case.
By analogy with the single equation case, the particular solution can be expressed as

Xp(X) =W, eXP[/=\(X) ] u(x) (3.8)

and the nonhomogeneous solution as
th(x) - ﬂc exp[/=\(x) ] [9 + Q(X)] (3.9)

If we substitute Yin into the original ODE, we have:

d
% =Ay_ +b(x) (3.10)
w2y

dy, , 9,

E+K:éxh +é¥p+b(X) (311)
dy

P — Ay +Db(x 3.12
o BYp +B(X) (3.12)

o w exp[/=\(x) ] g(x)}+p(x) (3.13)

Evaluate left hand side of equation (3.13)

15
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(x) ] g—g +ﬂcéexp[f=\(><) ] u (3.14)

One can manually check and confirm that A must appear after ﬂc and not before.

Subsitute (3.14) back into (3.13)

W, exp[1=\(x) ] g—?—(+ﬂcéexp[é(x) ] u= é{ W, exp[é(x) ] g}+t_)(x) (3.15)

Rearrange

(AW_—-W A{exp[A(x) ] u)+W exp[A(x) ] au_ b(x) (3.16)
—==—C =—C= — =] =c = dx '
W AW —A=0 (3.17)

—Cc ==—c
This is the definition of the diagonalization of the matrix é into its matrix of eigenvalues.

This results in two terms dropping out of equation (3.15) which leaves us with

d
W, exp[/;(x) ] d_)g( = b(x) (3.19)

which is satisfyingly analogous to the single equation constraint on the derivative of u.
Solving equation (3.19) we find

j—i - {ﬂc exp[f=\(><) ] }_1b(x) (3.20)
u=| {ﬂc exn[A(X) ] }_1b(x)dx (3.21)
u= jexp[é(x) ]_1ﬂc_19(x)dx (3.22)

16
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u= jexp[— A(x) ] W _"'b(x) dx (3.23)
This leaves the determination of ¢ which will satisfy the initial conditions.

th(XO) =Y, = ﬂc exp[é(xo) ] [9 + Q(Xo )] (3.24)

1
c= exp[é(xo) T ﬂ0_1xo —u(x,) (3.25)

Thus we can rewrite our nonhomogeneous solution as
T 1
Y (X) =W, exp| A(x) | [exp[g(xo) ['w, Y, —u(xo)w(x)} (3.26)

To check our solution we can first make sure that equation (3.26) reduces to the
nonhomogeneous solution for a single equation

_ 1
yn(x)=e Ja(x)dx y{m} —u(x, ) +u(x) (1.28b)
X=Xg

This solution checks because the eigenvector of a single equation is unity and the eigenvalue is
—a.

A second check of our solution is to make sure that equation (3.26) reduces to the
homogeneous solution when U(X) = 0. We can see that it does by comparing equation (3.26)

with equation (1.14)

Yh (o) =W, exp[A(x—x,)] ﬂﬂzo (1.14)

17
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Example 4. Chemical Reaction Equilibria with addition/deletion of components b(X) # 0

We can add constant flowrates to our system by adding a constant term to the ODEs.

% = —(k12 +Ky3)A1 +KoAy +K31A5 +F
dA
dA
d—t3 =Kqy3A1+KozAy —(K3q +K3p)Az +F5

The flowrates can either be feed or effluent, depending upon the sign. To keep the problem
simple, let's enforce conservation of volume by stipulating that

e

Il
—

F=0 (4.2)

and we change this system of equations into matrix & vector form:

9B _xA+F @3)
dt —

We know the solution to the nonhomogeneous equation is
1Ay —1
Aunl®) =W, xp A0 ]| explatte) [ "W, ag —utto) v

The only question is the form of u.

u = jexp[— A(x) ] ﬂfp(x) dx (3.23)

Since, for this problem, b is a constant, all the x functionality lies in exp[— é(x) ]
t 1
u(t)= Jexp[— A(x) ] dx (W _"'b (4.5)

18
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u(t)=- A" expl-at) | W, b @6

Plugging back into the solution we find

oxpla(t,) |'W, A, +| A" expl-alt,) | W, b

An(t)=W, exp[g(t) ] _[A1 e p[— A(t) ] }W b

(4.7)

A complication arises because one of the eigenvalues is zero. Thus there is no x-dependency in
the exponential because there is no exponential. Then we would have a term of the form

u(t) = [tw, "o 48)

u(t)=UwW, b 4.9)
__ expl- (1) | . o_
}\“1
- (t
u- 0 ~ exp[ - 2( ) ] 0 4.10)
0 0 ’ t

for the case where we had three eigenvalues, the first two of which are non-zero.

19
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B. Normal Mode Analysis of the Vibrational Spectrum of a Molecule

Consider that we want to investigate the vibrational properties of carbon dioxide, CO,.

Our model of the molecule looks like this:

spring
(k)

spring
(k)

X0.2 X0.3
—> —>
X, X3

We model the interaction between molecules as Hookian springs. For a Hookian spring,

the potential energy, U, is
k
U==(x-xo)*
2

and the force, F, is

F=—-k(x—-Xq)

(5.1)

(5.2)

where K is the spring constant (units of kg/s?), X is the equilibrium displacement, and X is the

actual displacement.

When both ends of the spring are mobile we can write, for the spring that connects mass

1 and 2:

k
Uy, = E((Xz —X1) = X420 )2

(5.3)

and we can write, for the spring that connects mass 2 and 3:

k
Usp = 5(()(3 — X5 ) — X320 )2

20

(5.4)
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The forces are then:

ouU
Fr=——=k((X5, —Xq)—X
1 o, ((X2 =X4) = Xq20)
ouU
2
ouU
F3 = ——=—K((X3 —X5)—X
3 ox ((X3 —X2)—X320)

With only a slight sleight of hand, we redefine our variables to be:

Xq = Xq+ X420

X3 = X3 = X320
This eliminates the equilibrium bond distances from the calculation. So, with this definition,
Xy = X = X (5.7)

at equilibrium. This does not affect our equations of motion because the derivatives of our
variables before and after the transformation of the variables are the same. Our forces become:

oU
Fi=—-——=k(x, — X
1= o =Ko x)
ouU
F2 =——= —k(X2 — X1)+ k(X3 — X2) (58)
2
oU
Fy=— " — K(xs—X
= = KO xe)

We can write Newton’s equations of motion for the three molecules:

mpay =F = k(x2 - X1)
mC82 = F2 = —k(X2 - X1)+ k(X3 - X2) (59)
moas =F3 = —k(x3 ~ Xz)

We can generalized this to a non-symmetric linear tri-atomic molecule by writing:

21
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ma =F = k12(X2 —X1)
Myay =Fy = —Kqp(Xy = Xq) +Kq3(X3 —X3) (5.10)
msaz =F; = —k13(X3 —Xz)

Knowing that the acceleration is the second derivative of the position, we can rewrite the above
equations in matrix form as (first divide both side of all of the equations by the masses)

d?x
~ 2= Ax (5.11)
dt> —

where

3>
[
=
\s
3
N
|
=~
IN)
L
>
3
N
=~
\a
3
N

k13 _k13
m, /n3_ (5.12)

Solving this system of second order linear differential equations yields the integrated
equations of motion for carbon dioxide.

We can convert the three second order ODEs into six first order ODEs as shown below.
Take atom number one.

which we write as

d’x
dt
Now we can rewrite that second order ODE as two first order ODEs.

axy _

5.15
at 4 ©-15)

22
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dx
m1d—t4:k12(X2—X1) (516)

We can write analogous equation for the other two atoms, to come with ODEs for variables 5
and 6. Of course, variables 1, 2, and 3 are still the positions of the atoms. Variables 4, 5, and 6
are now the velocities of the atoms.

All of these equations are homogeneous.

Our 3x3 A matrix becomes a 6x6 matrix:

i 0O 0O 1 0 0]
0 0O 010
0O 0O 0O 0 1
_| k2 kV 0
A="Jm, m, 000 B0
k12 _k12_k13 k13
/4;2 ms mp 000
0 Kia __kty// 00
i m3 m3 i
where the solution vector, X, is now defined as:
_X1 _ _X1 _
X2 X2
x=|"3|=|%3 (5.18)
X4 X4
X5 Xo
[ X6 | | Xs]

Now, clearly, we can solve this problem exactly as we solve any system of homogeneous linear
first order ODEs. The solution will be given as

xn(t) = W, explA(t—t, )JW ', (1.14)

or

xn(t) = i{((w—x")) W -explhi(t—t, )]} (122)

23
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In this problem the eigenvalues and eigenvectors are complex. They have real and imaginary
components. The solution in equation (1.14) is purely real. The imaginary contributions have
been transformed into real components via the Euler identities. If we have a software that can
handle complex algebra then we can simply obtain the solution as given in equation (1.14).
Matlab can handle this sort of thing. However, do to round-off error, the imaginary component
of the solution won’t cancel to be precisely zero. Rather we will obtain imaginary components
on the order of 107" (since the computer only keeps sixteen significant figures). Therefore, we
need to realize that these very small imaginary components have no mathematical basis. They
are simply the results of truncation errors.

Well we might think we have solved this problem, and we have. However, it is
worthwhile to investigate this problem further because some of the eigenvalues of a vibrational
problem are complex. They have to be; how else would be obtain the periodic trigonometric
functions from this solution? If we want to derive the analytical formula in terms of sines and
cosines we can proceed further.

From this point on, our derivation is based upon existing knowledge of the problem. We
will consider one broad subcase. In this subcase,

e the six eigenvalues constitute purely complex conjugate pairs (two of which are zero)

e cach complex conjugate pair of eigenvalues necessarily has complex conjugate

eigenvectors.

Knowing this, we can proceed to write .

2n (Wr,j ' 50)

x(t)=> W i-exp| 4(t—t,)] (1.22)
(Wr,j ' wc,j) J J

The pre-exponential factor can very well have both real and imaginary parts

(wr’j %) W, ; = real (wr’j .Zo) W, i |+imag (—)(wr’j %) Wi i

(wr,j 'wc,j ) o (wr,j 'wc,j ) ol wr,j 'wc,j o
(5.19)

which allows us to write:
B 2n (wr,j Xo)

g(t)_;‘ real We W, ‘W -exp[kj(t—to)]

(5.20)
(Wr,j '50)

2n
+ ) <imag ‘Wi [-exp| A(t—t i
J; m C.j [ J( 0)]
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Because (i) our pre-exponential factors are complex conjugates and (ii) the eigenvalues are
complex conjugates, the summations can be transformed into summations over n molecules
rather than 2n variables:

x(t) = i real{((_w,r_’j—'xo_))-wc,j} -(exp[‘kj‘i(t —t, )]+ exp[— Mi(t - to)] j

) imag{(w) WCJ]'(e"p[\kj\i(t—to)]‘e"p[“’“i‘i(t‘t°)]) !

(5.21)

We must recognize Euler's identities. For the summation with the real pre-exponential
factors:

exp|1filt ~to )|+ expl- 1t ~t, )] =2cos| p(t-t,)] (5.22)
and for the summation with the imaginary pre-exponential factors:
(exp[ it~ to)] - expl- it~ o) )i — —2sin[[1,[(t-t, )] (5.23)

so that we see:

: (e ,)
x(t)=> {real #-wc,j -2003“7»]‘(t—t0)]
Al weewe)
(5.24)

—i imag M-wc,j -23inij‘(t—to)]
A wegwey)

Well, we have the solution. You think we are done. There are two catches.

First, because of the nature of the system, the eigenvectors don't form an orthonormal basis set.
Two of the eigenvectors have zeros through all of the velocity entries. Two of the eigenrows
have zeros through all of the position entries. The dot product of those vectors, as needed in the
denominator of the pre-exponential factor, is zero, so that exponential prefactor blows up. This
happens for only one of the three exponential prefactors. That problem can be remedied by
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selecting the pre-exponential factor corresponding to the problematic eigenvector,eigenrow dot
product to satisfy the initial positions conditions. This works fine.

Second, these equations for x(t) as we have written them are indeed solutions to

2
‘;Tf = Ax (5.25)

However, they may not provide the solution to certain types of initial conditions. There is
another family of solutions given by

X(t) = x(t)+ kit +ko

where the k's are vectors of constants. These additional terms will be needed to satisfy the initial
conditions when the total momentum of the molecule is non-zero, i.e. in addition to the vibration,
there is a non-zero translational component to the motion.

Ko and K4 are going to turn out to be non-zero only if the initial velocities of the atoms
are specified such that the total momentum of the molecule is non-zero. The initial momentum
of the molecule is

n
> mx(t =t,) =mom,
j=1

By the conservation of momentum the total momentum won't change. This total momentum
translates into a uniform center of mass motion:

n
Xem2,Mj =mom, = > mx;(t=t,)
j=1

n
2, M,
=1

It can be shown that the value for K is given by
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Ko2
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Ko = Ko,a
Kos

| Kog_

Xcm

Xcm

cm

It can be shown that our value for K4 is given by

Xcm

><.
o o Og
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Why didn't these two additional terms enter naturally in our formulation, instead of being added
in as an afterthought? My guess is because we are engineers who patch things up better than we

know how to design flawlessly a priori.
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III. Codification of the analytical method for numerical solution

These gruesome derivations given above are truly unnecessary. A simple Runge-Kutta
algorithm will yield the solution with only a few minutes work. However, the Runge-Kutta
method would not have given us the functional form of the solution, which is often times all that
we are after.

The analytical solution techniques given above can be coded up as written.

The purpose in giving two forms of the solution, for example, for the system of linear
homogeneous equations,

xn(t)= W _exp[A(t—to )] W _"'x, (1.14)

and

Xp(t) = i{((_w—x")) ‘W, -exp[h(t—t, )]} (1.22)

is to make codification of the solutions simple for any type of software platform. A language
like FORTRAN is going to favor the use of equation (1.22). However, a platform like
MATLAB, which can handle matrix multiplication implicitly would be much easily solved using
equation (1.14). In fact, here is an example of solving the chemical reaction equilibria problem
above using MATLAB. The code is less than a page long and completely solves and plots the
problem.
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% input

k12 = 0.50;

k21 = 0.25;

k13 = 0.20;

k31 = 0.05;

k23 = 0.30;

k32 = 0.15;

A = [ (-k13-k12), k21, k31; k12, (-k21-k23), k32; k13, k23, (-
k31-k32)1;

yo = [1.0/3.0; 1.0/3.0; 1.0/3.071;

to = 0.0;

tf = 10.0;

n = max(size(A));

% compute eigenvalues and eigenvectors
[wcol, lambdac] = eig(A);

wcolinv = inv (wcol);

(o)

% set up discretized solution grid
npoints = 1000;
dt = (tf-to)/npoints;
for 1 = 1l:1:npoints+l
tp(i) = (i-1)*dt +to;
end
% calculate solution
explambda = zeros(n,n);
yp = zeros (n,npoints);
for i = 1l:1:npoints+1
for j = 1:n
explambda (j,]) = exp(lambdac(j,]J)*(tp(i) - to) )
end
yp(:,1) = wcol*explambda*wcolinv*yo;
end
splot
for j = 1:1:n
if (3==1)
plot (tp,yp(J,:),'g-"), xlabel( 't' ), ylabel ( 'y' )
elseif (Jj==2)
plot (tp,yp(J,:),'r-"), xlabel( 't' ), ylabel ( 'y' )
elseif (Jj==3)
plot (tp,yp(J,:),'b-"), xlabel( 't' ), ylabel ( 'y' )
end
hold on
end
hold off
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