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Continuum (Macroscopic) Equations
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Continuum (Macroscopic) Equations

the parameters are divided into 
external fields – e.g. gravitational 
h d i dthermodynamic parameters – p and U
transport fluxes – jA, ki,A,  and q

External fields are typically inputs into the problem because you know theExternal fields are typically inputs into the problem, because you know the 
strength of the external field.

Traditionally, thermodynamic properties come from mechanical or chemical 
equations of state.  

Transport fluxes come from some constitutive equation.
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Thermodynamic Properties

Thermodynamic properties come from equations of state

Example:  pressure from the multicomponent van der Waals equation of state:
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where the composition dependence of the mixture vdW parameters are given in 
terms of pure component vdW parameters
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and where the mole fractions and molar volume can be related to mass fraction 
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Thermodynamic Properties

Thermodynamic properties come from equations of state
Example:  internal energy from the pure component heat capacities.  Frequently 
one may be able to find data for pure component heat capacities, perhaps 
expressed as an empirical polynomial expansion in temperature
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This expression neglects all density dependence in the heat capacity.  For an 
ideal mixture, the total internal energy is then 
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To the extent that this physical property data is available and that the 
assumptions in it, such as ideal mixtures and independence of the internal 
energy on the density (or equivalently the pressure), expressions such as these 

b d
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may be used.



Constitutive Equations

Fick’s Law for isothermal, binary 

Constitutive equations typically provide information regarding fluxes due to 
nonequilibrium gradients.
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The constitutive equations provide functional forms to relate fluxes in terms of
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The constitutive equations provide functional forms to relate fluxes in terms of 
unknowns, but also require transport properties, like the diffusivity, viscosity, 
thermal conductivity, or reaction rate constants and activation barriers.



Issues with this Conventional Approach

There are two main issues associated with applying this conventional approach 
to the modeling of novel (potentially nanostructured) materials.

First, if the materials are new, there are likely no available thermodynamic and 
transport properties.

The continuum equations only provide the framework describing theThe continuum equations only provide the framework describing the 
physics in the system.  They say nothing about material properties, which 
still must be supplied.

S d h i h h b d i d f b lk i lSecond, these expressions that have been derived for bulk materials may not 
apply for nanostructured materials.  

For example, in any bulk equation of state, the pressure is a function only of theFor example, in any bulk equation of state, the pressure is a function only of the 
composition, density, and temperature at its local point.  This is the local 
equilibrium approximation.  Each point is at thermodynamic equilibrium given 
the local thermodynamic state of that point.  In nanostructured materials, the 
l l ilib i i ti f il
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local equilibrium approximation can fail.



Outline

Pair Correlation Functions as Multiscale Messengers

I. Introduction
II Failure of the Local Equilibrium ApproximationII. Failure of the Local Equilibrium Approximation
III. Enter the Pair Correlation Function
IV.  Conclusions

Fundamentals of Sustainable Technology 



Failure of the Local Equilibrium Assumption

Show that MD simulations should satisfy “continuum level” descriptions of 
conservation of mass, momentum and energy, only if the Local Equilibrium 
approximation is not invokedapproximation is not invoked.
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Failure of the Local Equilibrium Assumption

Single component, isothermal system
Mass and momentum balances

Simplify system, equations reduce to a relation between the pressure, the 
density and the external field: 
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Failure of the Local Equilibrium Assumption

External field was a sin function, created an inhomogeneous fluid.  Density is a 
function of position.  It is a nanostructured fluid, since the variation in the density 
occurs over the nanometer length scale.occurs over the nanometer length scale.
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Failure of the Local Equilibrium Assumption

The “equation of state” that relates pressure to the density is obtained through 
direct evaluation in the MD simulation.  Any “bulk” equation of state, like the 
Lennard-Jones equation of state, gives a different pressure, which cannotLennard Jones equation of state, gives a different pressure, which cannot 
generate the density distribution observed in the MD simulation.  
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Pair Correlation Function as Messenger

This paper provided an example as to how pair correlation functions could act 

Fundamentals of Sustainable Technology 

as messengers between simulations of different time and length scales.



Pair Correlation Function as Messenger

For a simple Lennard-Jones fluid, we have seen that the PCFs of liquid and 
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gases are functions of temperature and density.  The x-axis is separation 
between particles, but let’s take a step back.



Pair Correlation Function as Messenger

Pair Correlation functions can really be considered as functions of the positions 
of two particles in three dimensional space, r and r’.

In a homogeneous, bulk system, all points, r, are the same, so we drop it and, 
are interested in only the difference in positions, r - r’. We further assume there 
is no angular dependence and look at only the magnitude of the separation, 
r r r’ That’s ho e obtain the PCF on the pre io s slider = r - r’. That’s how we obtain the PCF on the previous slide.

However, if the system is inhomogeneous, then all properties, including the pair 
correlation function, are functions of global position, x, as well as separation, r.g p p

Thus we can write g(x,r) for an inhomogeneous system and have it reduce to 
g(r) for a homogeneous system.

Thus we see that the PCF is an instrinsically multiscale function, since x could 
be macroscopic position (meters) and r is intermolecular separation 
(Angstroms).
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Pair Correlation Function as Messenger

Thermodynamic properties can be obtained from the PCF.
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Pair Correlation Function as Messenger

Entropy can be obtained approximately from the PCF.
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Pair Correlation Function as Messenger

Entropy can be obtained approximately from the PCF.
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Pair Correlation Function as Messenger

Transport coefficients can be estimated from collision integrals and the PCF.
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Pair Correlation Function as Messenger

The macroscopic problem has a familiar form:

We can add to this a macroscopic evolution equation for the PCF.  As an 
example, if the PCF is only a function of global density and temperature, then 
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Pair Correlation Function as Messenger

The evolution of the PCF at any global point z and separation r is given by 
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b d f l l l lobtained from molecular level

obtained from macroscopic mass 
and energy balances
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Knowing the PCF at any point, allows one to determine pressure, internal 
energy, entropy and transport properties at any point.



Pair Correlation Function as Messenger

Example with a Lennard-Jones fluid.
Solution to the mass, momentum and energy balances:
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Pair Correlation Function as Messenger

Example with a Lennard-Jones fluid.
Pieces of the solution of g(z,r) shown at three different values of z and at three 
different values of r.
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Pair Correlation Function as Messenger

Example with a Lennard-Jones fluid.
Properties obtained from g(z,r).
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Pair Correlation Function as Messenger

This example was possible because we generated a table of pair correlation 
functions as a function of density and temperature from some molecular-level 
theory or simulation. y
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obtained from molecular level

These values can either be generated before hand (linked multiscale modeling)
or on an as-needed basis (closely coupled multiscale modeling).
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or on an as needed basis (closely coupled multiscale modeling).



Pair Correlation Function as Messenger

This formulation can overcome the problems with local equilibrium 
approximation by incorporating dependence of the pair correlation function on 
the density and/or temperature gradients.
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Conclusions

The PCF is an intrinsically multiscale function that has great potential use as 
a messenger in transferring information between scalesa messenger in transferring information between scales.

Continuum equations require many thermodynamic and transport 
parameters to be evaluated.  For novel and/or nanostructured materials, 
these functions are not commonly available.  

The local equilibrium approximation, which allows the use of bulk equations 
of state may be invalid in nanostructured materialsof state, may be invalid in nanostructured materials.

These thermodynamic and transport properties can be obtained from the 
collision integrals and PCF.

Solving a macroscopic evolution of the PCF simultaneously with the mass, 
momentum and energy balances allows one to generate all necessary 
thermodynamic and transport properties during the macroscopic simulation, 
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y p p p g p ,
so long as the dependence of the PCF on these variables is known.


